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Principal values of some integral functionals of FBM



The results in this talk come from the following manuscript:

@ (with X. Sun and L. Wang) Principal values of some integral
functionals of fractional Brownian motion, preprint 2019.
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§ 1. Background

@ In this talk, we consider the existence of the limit in L? (resp.
almost surely)

!
(KtH’f = 15%1 (f f(Bf)1{|B§|>€}ds2H + g“f’(s)), t>0,
0

where B is a fractional Brownian motion with Hurst index
0 < H < 1, and f is not locally integrable, i.e., the integral

M
f [f(o)ldx = 0 (AM > 0).
-M
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§ 1. Background

@ In this talk, we consider the existence of the limit in L? (resp.
almost surely)

!
(KtH’f = 15%1 (f f(Bf)1{|B§|>E}ds2H + {f’(s)), t>0,
0

where B is a fractional Brownian motion with Hurst index
0 < H < 1, and f is not locally integrable, i.e., the integral

M
f fx)ldx = co (AM > 0).
-M
@ The term ((¢) is defined as follows
M) = L (e, Dgle) - L (—e,Dg(~¢),

where g is the primitive function of f and
LH(x, 1) = fot S(BH — x)ds*" is the weighted local time of BY.

[SEaE:E) Principal values of some integral functionals of FBM



§ 1. Background

@ Itis important to note that if the limit
lim /7
3?34 (€]
exists in probability, we usually call the limit (in probability)
t
. 2
fim fo SBO gy yds™

the (Cauchy) principal value of the integral fot F(BH)ds™ | and it
also is denoted by

!
p.v. f f(B?)dSZH.
0
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§ 1. Background

Example (1)
Let f(x) = 1. We have that g(x) = log x,

lim :H 0

] ! 1
v. | —ds? =1im | 1 —ds*H
P fo gAY Tl ), e gE®

in L? and almost surely.
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§ 1. Background

Example (2)

Let f(x) = 1 — sign(x) sinx. We then have

1%1 He)=22"0,1)
in L? and almost surely and

! t

1 2 : 2

p-V-\[OV B_Hds H S 1‘;{8 0 1“3{"1|>€}f(B§1)dS H
s

in L? and almost surely.
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§ 1. Background

Example (2)

Let f(x) = 1 — sign(x) sinx. We then have

1%1 He)=22"0,1)
in L? and almost surely and

! t
1 2 : 2
p-V-\[OV B_Hds H S 1‘;{8 0 1“3{"1|>€}f(B§1)dS H
s

in L? and almost surely.

@ We now consider the conditions which the limit lim, o /()
exists in probability.
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§ 1. Background

@ Consider the decomposition
(o) = LM (e, 0g(e) - L (e, Dg(-e)
= 2"(e,1)[s(e) - g(~2)|
+g(-8) [ LM (e.1) - LM (-e.1)|

forallt > 0and ¢ > 0.
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§ 1. Background

@ Consider the decomposition
(&) = LM, 0g(e) - £ (e, g(=e)
= 2"(e,1)[s(e) - g(~2)|
+g(-&)| L (e.1) - LM (-e.1)|

forallt > 0 and & > 0.

@ By the continuity of x — .ZH(x, 1), when the function x — g(x)
does not increase too fast at x = 0, for example, x%g(x) -0
(as x | 0) we can get that

g(-&)[ L0 - L(-e.)| — 0 (£10)

in L? and almost surely for all r > 0.
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§ 1. Background

@ Consider the decomposition
(&) = LM, 0g(e) - £ (e, g(=e)
= 2"(e,1)[s(e) - g(~2)|
+g(-&)| L (e.1) - LM (-e.1)|

forallt > 0 and & > 0.

@ By the continuity of x — .ZH(x, 1), when the function x — g(x)
does not increase too fast at x = 0, for example, x%g(x) -0
(as x | 0) we can get that

g(=e)[ L (e, - L (2,0 — 0 (£10)
in L? and almost surely for all r > 0.
@ Thus, hﬂ[} (&) exists in L? and almost surely < the limit
&.
lim[g(e) —g(-&)] =7
el0
is finite.
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§ 1. Background

Example (3)
Let f(x) =

5 )Ha with 0 < @ < 2 A 1. We have that g(x) = Lx7¢,

1
: H I B —a@ cpH — _
lglﬂ)l_ff (e) = alglfgs L (e, 1) 00
in L? and almost surely and

!
: 1 2H 1 -a cpH
lglﬂ)l(fo‘ 1{B§>8}st —58 A (O,I))
© LH(x, 1) - LH(0, D

= lim
SLO x1+a
.,%H (x,1)
= p.v. —
R ()3

in L? and almost surely.

[SEEE:E) Principal values of some integral functionals of FBM



§ 1. Background

ot (8)

do not exist in probability.
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§ 1. Background

ot (8)

do not exist in probability.
@ If the limit

!
w1 = lim ( f FBI gy, gyds™ + g,’f(s))
0

exists in probability, this limit is called the (Cauchy) principal
value (Hadamard's finite part) of the integral fot f(BHds*!, and
it also is denoted by

p.v. f fBHyds,
0
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§ 1. Background

@ When H = % this question has been researched widely.
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@ When H = % this question has been researched widely.
@ B: a standard Brownian motion with By = 0.
@ Some systematic and perfect studies:

@ K. Itdé and H. P. McKean (1965) first considered the integral
functional in the next monograph:
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@ When H = % this question has been researched widely.
@ B: a standard Brownian motion with By = 0.
@ Some systematic and perfect studies:

@ K. Itdé and H. P. McKean (1965) first considered the integral
functional in the next monograph:

e K. It6é and H. P. McKean, Diffusion processes and their sample paths,
Springer Verlag, Berlin, New York, 1965.
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§ 1. Background

@ When H = % this question has been researched widely.
@ B: a standard Brownian motion with By = 0.
@ Some systematic and perfect studies:

@ K. Itdé and H. P. McKean (1965) first considered the integral
functional in the next monograph:

e K. It6é and H. P. McKean, Diffusion processes and their sample paths,
Springer Verlag, Berlin, New York, 1965.

@ M. Yor (1982) considered the special case

" ds ! ds
= p.V. =1 lyp.— ———
Ci(a) :=p.v fo Bo—a o), 'WBabe g

and showed that 1 C,(-) coincides with Hilbert transform of
Brownian local time.
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§ 1. Background

@ T. Yamada (1984, 1985, 1986) also considered C,(a) and the following
special case:

! ds
S%(a) = p.v. D
! (a) p v j(: (BY - a)iﬂy
ds

13
e 1; -1 _—a
= IFIE} {fo 1[a+a,m)(3s)m -a g La, l)}

in L? and —ﬁS;}(-) coincides with the fractional derivative of Brownian

local time.
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§ 1. Background

@ T. Yamada (1984, 1985, 1986) also considered C,(a) and the following
special case:

" ! ds
Si(a) = p.v.j; —(Bs v

.= lim f Mo B)— ol
= h ) [a+&,00) K (Bx—(l)l'm ’

in L? and —ﬁS;}(-) coincides with the fractional derivative of Brownian

local time.
— Yamada'’s formulas:

f
1
B,log|B,| - B, = f log|B,dB; + 5C,(0),
0

BHI=01- oz)f (By);"dB; — %0{(1 - a)S7(0).
0
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§ 1. Background

@ T. Yamada (1984, 1985, 1986) also considered C,(a) and the following
special case:

" ! ds
Si(a) = p.v.j; —(Bs v

: ' ds -1 —a
:= lim {fo 1[u+£’oo)(BS)(B— - ]g f(a, Z)}

£l0 . — a)l'HI

in L? and —ﬁS;}(-) coincides with the fractional derivative of Brownian

local time.
— Yamada'’s formulas:

f
1
B,log|B,| - B, = f log|B,dB; + 5C,(0),
0

BHI=01- oz)f (By);"dB; — %0{(1 - a)S7(0).
0

= occupation times formulas:
!
f St (a)f(ayda = 'T(1 - @) f (Z:f)(By)ds,
R 0
v
f C()g()dx = 7 f (7 §)(By)ds.
R 0



§ 1 Background

@ P. Biane and M. Yor (1987), Bull. Sci. Math. 111, 23-101.
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§ 1 Background

@ P. Biane and M. Yor (1987), Bull. Sci. Math. 111, 23-101.

e Specially, they showed that the density function of C,(0) is
given by

P(c,(O)edx)_J Z( 1) ex {M }dx.

with ¢ > 0.
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@ P. Biane and M. Yor (1987), Bull. Sci. Math. 111, 23-101.

e Specially, they showed that the density function of C,(0) is
given by

P(c,(O)edx)zJ Z( 1) ex {M }dx.

with ¢ > 0.
@ J. Bertoin (1990), J. Math. Kyoto Univ. 30 (1990), 651-670.

Principal values of some integral functionals of FBM



§ 1 Background

@ P. Biane and M. Yor (1987), Bull. Sci. Math. 111, 23-101.

e Specially, they showed that the density function of C,(0) is
given by

P(c,(O)edx)zJ Z( 1) ex {M }dx.

with ¢ > 0.
@ J. Bertoin (1990), J. Math. Kyoto Univ. 30 (1990), 651-670.
(1) p-variations of t = C,(0) and ¢ — S7(0);

Principal values of some integral functionals of FBM



§ 1 Background

@ P. Biane and M. Yor (1987), Bull. Sci. Math. 111, 23-101.

e Specially, they showed that the density function of C,(0) is
given by

P(c,(O)edx)_J Z( 1) ex {M }dx.

with ¢ > 0.
@ J. Bertoin (1990), J. Math. Kyoto Univ. 30 (1990), 651-670.

(1) p-variations of t = C,(0) and ¢ — S7(0);
(2) The integrals of adapted processes with respect to C,(0) and
S¥(0).
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given by
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with ¢ > 0.
@ J. Bertoin (1990), J. Math. Kyoto Univ. 30 (1990), 651-670.

(1) p-variations of t = C,(0) and ¢ — S7(0);
(2) The integrals of adapted processes with respect to C,(0) and
S¥(0).
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@ P. Biane and M. Yor (1987), Bull. Sci. Math. 111, 23-101.

e Specially, they showed that the density function of C,(0) is
given by

P(c,(O)edx)zJ Z( 1) ex {M }dx.

with ¢ > 0.
@ J. Bertoin (1990), J. Math. Kyoto Univ. 30 (1990), 651-670.

(1) p-variations of t = C,(0) and ¢ — S7(0);
(2) The integrals of adapted processes with respect to C,(0) and
S¥(0).

@ E. Cséaki, M. Csodrgd, A. Foldes, Y. Hu, Z. Shi and L. Zhang (1997 ~ 2010)
e Some limit theorems of ¢t = C,(a) and t = S¢(a).

@ A.S. Cherny (2001), Principal values of the integral functionals of Brownian
motion, Lect. Notes Math. 1755, 348-370.
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@ However, in contrast to the extensive studies on the case
H= % there has been little systematic investigation on such
integral functionals with H # 3.
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@ However, in contrast to the extensive studies on the case
H= % there has been little systematic investigation on such
integral functionals with H # 3.

@ N. R. Shieh, J. Math. Kyoto Univ., 36 (1996), 641-652.
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@ However, in contrast to the extensive studies on the case
H= % there has been little systematic investigation on such
integral functionals with H # 3.

@ N. R. Shieh, J. Math. Kyoto Univ., 36 (1996), 641-652.
= Some limits associated with the following functionals:

Fo(t) = L70,0), Fi(t) = sup L (x,)
Fs(fumt) = f £e, f (oyulel)
R

with £ (x,1) = [ 8(BI — x)ds.
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@ However, in contrast to the extensive studies on the case
H= % there has been little systematic investigation on such
integral functionals with H # 3.

@ N. R. Shieh, J. Math. Kyoto Univ., 36 (1996), 641-652.
= Some limits associated with the following functionals:

Fo(t) = L70,0), Fi(t) = sup L (x,)
Fs(fumt) = f £e, f (oyulel)
R

with £ (x,1) = [ 8(BI — x)ds.
@ M. Eddahbi and J. Vives, J. Math. Kyoto Univ., 43 (2003), 349-368.
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§ 1. Background

@ However, in contrast to the extensive studies on the case
H= % there has been little systematic investigation on such
integral functionals with H # 3.

@ N. R. Shieh, J. Math. Kyoto Univ., 36 (1996), 641-652.
= Some limits associated with the following functionals:

Fo(t) = L70,0), Fi(t) = sup L (x,)
Fs(fumt) = f £e, f (oyulel)
R
with £ (x,1) = [ 8(BI — x)ds.

@ M. Eddahbi and J. Vives, J. Math. Kyoto Univ., 43 (2003), 349-368.
= Chaotic expansions of the processes

| ! 1
V. —ds, V. d
p-v fo i P fo Bty
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@ Y. (2016, Math. Z))
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§ 1. Background

@ Y. (2016, Math. Z)
e We considered the process

H,a
S (a)_ f(BH 1+a
li41e.00)(B)d. o .
= lim{f M—a 1e”,,f(a,t)} in L?
0

£l0 (Bfl _a)l+a

with) <a < EZ AL and introduced the fractional Yamada
formulas:

f S (a)f (a)da = 2Ha™'T(1 - a) f (2°F)(BM)s* 1 ds
and

!
B —a) " = () + (1 -0) f (B - a);"dB" - %a(l - a)S8"(a).
0
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§ 1. Background

@ Y. (2016, Math. Z)
e We considered the process

H ,a
S l/(a) - f (BH 1+a,
. . 1[a+5,oo)(Bs )dS 1 —a . 2
:EQ{LW—(I & ,,Z(a,t) inL
with) <a < EZ AL and introduced the fractional Yamada
formulas:

f S (a)f (a)da = 2Ha™'T(1 - a) f (2°F)(BM)s* 1 ds

and
!
B —a) " = () + (1 -0) f (B - a);"dB" - %a(l - a)S8"(a).
0

t
o H =1L:T Yamada (1985).



§ 1. Background

@ Sun/Y./Yu (2018, Stochastic Proc. Appl.)
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§ 1. Background

@ Sun/Y./Yu (2018, Stochastic Proc. Appl.)
e We considered the process

C(x) :=pv ft L 4 = lim ft 1 A in 12
= Pp.V. = H_
! PV Jo BT —x 5l0 Jo VPP BH g

Principal values of some integral functionals of FBM



§ 1. Background

@ Sun/Y./Yu (2018, Stochastic Proc. Appl.)
e We considered the process

- t 1 - t dSZH ) )
Ct x) := p.V.j; md&‘ = I;Pojjo‘ 1[|Bf—a\>5]m inL
e We introduced the fractional versions of Yamada’s formulas:
3
f CM(x)g(x)dx = 2Hn f (A g)(BH)s* 1 ds
R 0
and

(B' = x)log|Bf' — x| - (B]' = x)

!
1
= —xlog |x| +x+f longf —xldBf + EC,H(x).
0
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§ 1. Background

@ Sun/Y./Yu (2018, Stochastic Proc. Appl.)
e We considered the process

- t 1 - t dSZH )
C = p.v. —ds™ =1i 1yt _pjory———— INL
F ) ij;Bg,_x s ;ﬂ}fo B! ~al>el BT
@ We introduced the fractional versions of Yamada'’s formulas:

f Cl'(x)g(x)dx = 2Hn f (A g)(BM)s2 ds
R 0

and
(B' = x)log|Bf' — x| - (B]' = x)

!
1
= —xlog |x| +x+f log |BY — x|dB™ + EC,H(x).
0
e H =1:T. Yamada (1984).
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§ 1. Background

@ As mentioned before, in this talk, we consider the limit
!
K = hﬁ)l(f FBI gy, gyds™ + g“,H(s)), 120
0

in L? and almost surely, where f is not locally integrable and
(o) = LM (e, 1)gle) - LM (s, 1)g(~2)
with g’ = f.
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@ As mentioned before, in this talk, we consider the limit
!
K = hﬁ)l(f FBI gy, gyds™ + g“,H(s)), 120
0

in L? and almost surely, where f is not locally integrable and
He) = L (e, 1gle) — LM (e, Dg(~¢)

with g’ = f.
@ Our objects are
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§ 1. Background

@ As mentioned before, in this talk, we consider the limit
f
KM = 131]8 ( fo FBIO gy, yds™ + [ (g)), t>0
in L? and almost surely, where f is not locally integrable and
(o) = LM (e, 1)gle) - LM (s, 1)g(~2)
with g’ = f.

@ Our objects are
(1) to give the condition of existence;
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@ As mentioned before, in this talk, we consider the limit
!
K = hﬁ)l(f FBI gy, gyds™ + g“,H(s)), 120
0

in L? and almost surely, where f is not locally integrable and
He) = L (e, 1gle) — LM (e, Dg(~¢)

with g’ = f.
@ Our objects are
(1) to give the condition of existence;
(2) to introduce an extension of 1t&’s formula by using the limit.

[SE2E:E) Principal values of some integral functionals of FBM



§ 1. Background

@ As mentioned before, in this talk, we consider the limit
!
KM = hﬁ)l(f FBI gy, gyds™ + gf’(s)), t>0
0

in L? and almost surely, where f is not locally integrable and
He) = L (e, 1gle) — LM (e, Dg(~¢)

with g’ = f.
@ Our objects are
(1) to give the condition of existence;
(2) to introduce an extension of 1t&’s formula by using the limit.

@ Denote "
G() = f FO)dy, x>0

and .
G_(x) = f FO)dy, x <0

M

for some M > 0.
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§ 1. Preliminaries: fractional Brownian motion

e B = {BH t > 0} : a fractional Brownian motion with Hurst
index H € (0, 1), if it is @ mean zero Gaussian process with
Bfl =0 such that

E[BHBH] = %( H+s2H—|t—sl2H), Vs, t > 0.
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§ 1. Preliminaries: fractional Brownian motion

e B = {BH t > 0} : a fractional Brownian motion with Hurst
index H € (0, 1), if it is @ mean zero Gaussian process with
Bfl =0 such that

E[BHBH] = %( +s2H—|t—s|2H), Vs, t > 0.

@ B coincides with the standard Brownian motion B provided
H=1/2.
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§ 1. Preliminaries: fractional Brownian motion

e B = {BH t > 0} : a fractional Brownian motion with Hurst
index H € (0, 1), if it is @ mean zero Gaussian process with
Bfl =0 such that

E[BHBH] = %( +s2H—|t—s|2H), Vs, t > 0.

@ B coincides with the standard Brownian motion B provided
H=1/2.

@ B! is neither a semimartingale nor a Markov process unless
H = 1/2, so many of the powerful techniques from classical
It6 analysis of Brownian motion are not available when
dealing with BY.
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§ 1. Preliminaries: fractional Brownian motion

e B = {BH t > 0} : a fractional Brownian motion with Hurst
index H € (0, 1), if it is @ mean zero Gaussian process with
Bfl =0 such that

E[BHBH] = %( +s2H—|t—s|2H), Vs, t > 0.

@ B coincides with the standard Brownian motion B provided
H=1/2.

@ B! is neither a semimartingale nor a Markov process unless
H = 1/2, so many of the powerful techniques from classical
It6 analysis of Brownian motion are not available when
dealing with BY.

@ B admits some interesting properties: we omit them.
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§ 2 Preliminaries: Fractional Brownian motion

@ H: the reproducing kernel Hilbert space of fBm.
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§ 2 Preliminaries: Fractional Brownian motion

@ H: the reproducing kernel Hilbert space of fBm.
@ When § < H < 1 we have

H={p:[0,T] = R | llgllgr < oo},

where

T T
llgll3, := HQH - 1) fo fo @(s)p(r)ls — P2 dsdr.
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§ 2 Preliminaries: Fractional Brownian motion

@ H: the reproducing kernel Hilbert space of fBm.
@ When § < H < 1 we have

H={p:[0,T] = R | llgllgr < oo},
where

T T
llgll7, := HQH - 1) fo fo @(s)p(r)ls — P2 dsdr.

@ The elements of H may not be functions but distributions of
negative order (see, for instance, Pipiras and Tagqu (2001))
for 3 <H < 1.
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§ 2 Preliminaries: Fractional Brownian motion

@ H: the reproducing kernel Hilbert space of fBm.
@ When § < H < 1 we have

H={p:[0,T] = R | llgllgr < oo},

where

T T
llgll7, := HQH - 1) fo fo @(s)p(r)ls — P2 dsdr.

@ The elements of H may not be functions but distributions of
negative order (see, for instance, Pipiras and Tagqu (2001))
for 3 <H < 1.

@ When 1 < H < 1, we usually use the subspace

|H| = {¢ ([0, T] > R | gl < °°}
with

T T
Il = HCH ‘”fo fo le@llp(rlls = P 2dsdr.
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§ 2 Preliminaries: Fractional Brownian motion

@ D the derivative operator (the Malliavin derivative) associate
with B,
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§ 2 Preliminaries: Fractional Brownian motion

@ D the derivative operator (the Malliavin derivative) associate
with B,
@ D' denotes the subspace of L? with the norm

IFlhz = EGFP) + E(IDAFIR,).  FeD'2.
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§ 2 Preliminaries: Fractional Brownian motion

@ D the derivative operator (the Malliavin derivative) associate
with B,
@ D' denotes the subspace of L? with the norm

IFlliz := E(FR)+ E(IDHFIZ,). FeD',

@ The divergence ¢" is the adjoint of D.
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§ 2 Preliminaries: Fractional Brownian motion

@ D the derivative operator (the Malliavin derivative) associate
with B,
@ D' denotes the subspace of L? with the norm

IFlliz := E(FR)+ E(IDHFIZ,). FeD',

@ The divergence ¢" is the adjoint of D.
e D'? c Dom(6%);
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§ 2 Preliminaries: Fractional Brownian motion

@ D the derivative operator (the Malliavin derivative) associate
with B,
@ D' denotes the subspace of L? with the norm

IFlliz := E(FR)+ E(IDHFIZ,). FeD',

@ The divergence ¢" is the adjoint of D.
e D'? c Dom(6%);

@ For an adapted process u, we denote fol usdB = 6" (uljo )
(the fractional 1t6 integral).
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§ 2 Preliminaries: Fractional Brownian motion

@ Whenu eD!? and 1 < H < 1, we have

[

= Ellull}, + a},E f ) DDl ug(In — rllé = s)*'*dsdrdédn
[0+ -

>

2
E

with ag = H2H - 1).
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§ 2 Preliminaries: Fractional Brownian motion

@ Whenu eD!? and 1 < H < 1, we have

[

= Ellull}, + a},E f ) DDl ug(In — rllé = s)*'*dsdrdédn
(071 -

2
E

with oy = HQ2H - 1).
@ Whenu ¢ D'? and H # 1,

[

2

E =77
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§ 2 Preliminaries: Fractional Brownian motion

@ Whenu eD!? and 1 < H < 1, we have

[

= Ellull}, + a},E f ) DDl ug(In — rllé = s)*'*dsdrdédn
[0+ -

2
E

with ay = HH — 1),
@ Whenu ¢ D'? and H # 1,

[

@ This is a main motivation studying principal values associated
with fractional Brownian motion.

2

E =99
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§ 3. Main results: Existence of the Cauchy principal value

o Let ZH(t,x) denote the weighted local time.
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§ 3. Main results: Existence of the Cauchy principal value

o Let ZH(t,x) denote the weighted local time.
@ Then, the occupation formula implies that

fo FBDT g1 ds™"
= f ) 0.2 (2.2) + f(=x).2" (1, —x) | dx

for any € > 0.
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§ 3. Main results: Existence of the Cauchy principal value

o Let ZH(t,x) denote the weighted local time.
@ Then, the occupation formula implies that

fo FBDT g1 ds™"
= f ) 0.2 (2.2) + f(=x).2" (1, —x) | dx

for any € > 0.
@ Thus, the assumption f_AZl [f (x)ldx = co for some M > 0 =

SR Principal values of some integral functionals of FBM



§ 3. Main results: Existence of the Cauchy principal value

o Let ZH(t,x) denote the weighted local time.
@ Then, the occupation formula implies that

fo FBDT g1 ds™"
= f ) 0.2 (2.2) + f(=x).2" (1, —x) | dx

for any € > 0.

@ Thus, the assumption f_AZl [f (x)ldx = co for some M > 0 =
e fis not even!
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§ 3. Main results: Existence of the Cauchy principal value

o Let ZH(t,x) denote the weighted local time.
@ Then, the occupation formula implies that

fo FBDT g1 ds™"
= f ) 0.2 (2.2) + f(=x).2" (1, —x) | dx

for any € > 0.

@ Thus, the assumption f_AZl [f (x)ldx = co for some M > 0 =

e fis not even!
e f(x),f(=x) # 0 forx > 0.
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§ 3. Main results: Existence of the Cauchy principal value

o Let ZH(t,x) denote the weighted local time.
@ Then, the occupation formula implies that

fo FBDT g1 ds™"
= f ) 0.2 (2.2) + f(=x).2" (1, —x) | dx

for any € > 0.

@ Thus, the assumption f_AZl [f (x)ldx = co for some M > 0 =

e fis not even!
e f(x),f(=x) # 0 forx > 0.

@ Thus, we get the following results.

[SEEE:E) Principal values of some integral functionals of FBM



§ 3. Main results: Existence of the Cauchy principal value

Theorem (1)

Let f be continuous on R \ {0} such that fj/ |[f(x)ldx = oo for some N > 0. Then the
limit

!
lim f FBI oy ds™
510 Jo ; s

exists in probability (in L?) if and only if the following conditions are satisfied:
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§ 3. Main results: Existence of the Cauchy principal value

Theorem (1)

Let f be continuous on R \ {0} such that fj/ |[f(x)ldx = oo for some N > 0. Then the
limit

l
lim f FBI oy ds™
a0 Jo ’ £
exists in probability (in L?) if and only if the following conditions are satisfied:

(i) for some M > 0, the following limit is finite:

M
li L>dx;
;E)IIMf(X) {>e)dX
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§ 3. Main results: Existence of the Cauchy principal value

Theorem (1)

Let f be continuous on R \ {0} such that fj/ |[f(x)ldx = oo for some N > 0. Then the
limit ,
lim fo FBO gp1.0d5™"
exists in probability (in L?) if and only if the following conditions are satisfied:
(i) for some M > 0, the following limit is finite:

M
li L>dx;
;E)IIMf(X) {>e)dX

(i) for some M > 0, the following convergence hold:

M 0
f G (x)dx, f G2 (x)dx < oo,
0 -M

lim &5 G.(e) =0, lim &5 G_(—¢)=0.
el0 £l0

and
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§ 3. Main results: Existence of the Cauchy principal values

Theorem (2)

Letf be continuous on R \ {0} such that f_ ]::/ |f(x)|dx = co for some N > 0. Then the
limit .

lim f FBH o yds™

20 J, ‘ 1 |>e

exists almost surely if and only if conditions (i)-(ii) in Theorem 1 are satisfied and

fM dx ax o
—eXpi—————— b
o x P17 sup 2GL0)2

{0<y<x}

f Pdx Al
1 P Tsup 12602

{x<y<0}

and

for any a > 0 and some M > 0.
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§ 3. Main results: Existence of the Cauchy principal values

Theorem (2)

Letf be continuous on R \ {0} such that f_ ]::/ |f(x)|dx = co for some N > 0. Then the
limit .

lim f FBH o yds™

20 J, ‘ 1 |>e

exists almost surely if and only if conditions (i)-(ii) in Theorem 1 are satisfied and

fM dx ax o
—eXpi—————— b
o x P17 sup 2GL0)2

{0<y<x}

f Pdx Al
1 P Tsup 12602

{x<y<0}

and

for any a > 0 and some M > 0.

@ H=1:AS. Cherny (2001).
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§ 3. Main results: Existence of the Cauchy principal value

Example (4)
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§ 3. Main results: Existence of the Cauchy principal value

Example (4
(1) f® =3
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§ 3. Main results: Existence of the Cauchy principal value

Example (4)
(1) £ = 3
1-H

(2) f(x) = |xl%ysgn(x) with 0 <y < min{L2, 1);
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§ 3. Main results: Existence of the Cauchy principal value

Example (4)
(1) fo) =1
(2) f(x) = |xl%ysgn(x) with 0 <y < min{L2, 1);

(3) f(x) = cotanh(x) = e

e*—e
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§ 3. Main results: Existence of the Cauchy principal value

Corollary (1)

Let f be continuous on R \ {0} such that f_ 11vv [f(x)|dx = oo for some
N > 0. If (i) and (ii) in Theorem 1 hold, then the limit

1
lim ( f FBO gy gyds™ + I (s))
& 0 '

exists in probability if and only if g(¢) — g(—&) converges to a
constant as € | 0.
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§ 3. Main results: Existence of the Cauchy principal value

Corollary (2)

Let f be continuous on R \ {0} such that f_ IX, [f(x)|dx = oo for some
N > 0. Assume that (i) in Theorem 1 is false and that (ii) in
Theorem 1 is true, then the limit

! !
p.v f f(BMas*H = lim ( f B gt ds™™ + g(e) — g(—2)
0 3 0 ’

exists in probability (in L?).
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§ 3. Main results: Existence of the Cauchy principal value

Example (5)
Taking f(x) =

1 i 1-H 1
G With 0 < o < 57 A 5, we see that

A
llf(r)l ( f B g, ds™ + (o)
0

!
) 1 —a oH
=% (f (B (8 a5 —a”le "2 (0,1)

exists in L2.
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§ 3. Main results: An It6 formula

@ By using the obtained results we give an It6 formula including
the principal value.
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§ 3. Main results: An It6 formula

@ By using the obtained results we give an It6 formula including
the principal value.

Theorem (3)

Let0 < H < 1 and let F be an absolutely continuous function on R such that F’ is
absolutely continuous on R \ {0}. Suppose that

then, we have

! 1 1 !
F(B™) = F(0) + f F'(B")aB" + Eﬁzﬂ(o, 0+ 3pV. f F"(BMyds™.  (0.1)
0 0
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§ 3. Main results: An It6 formula

@ By using the obtained results we give an It6 formula including
the principal value.

Theorem (3)

Let0 < H < 1 and let F be an absolutely continuous function on R such that F’ is
absolutely continuous on R \ {0}. Suppose that

(1) (i) and (ii) in Theorem 1 hold;

then, we have

[ 1 1 [
F(B™) = F(0) + f F'(B")aB" + Eﬁzﬂ(o, )+ 7p-V. f F"(BMyds™.  (0.1)
0 0
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§ 3. Main results: An It6 formula

@ By using the obtained results we give an It6 formula including
the principal value.

Theorem (3)

Let0 < H < 1 and let F be an absolutely continuous function on R such that F’ is
absolutely continuous on R \ {0}. Suppose that

(1) (i) and (ii) in Theorem 1 hold;
(2) F'(e)—F'(-e) > Base |0,

then, we have

! 1 1 !
F(B™) = F(0) + f F'(B")aB" + Eﬁzﬂ(o, 0+ 3pV. f F"(BMyds™.  (0.1)
0 0
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§ 3. Main results: An It6 formula

@ By using the obtained results we give an It6 formula including
the principal value.

Theorem (3)

Let0 < H < 1 and let F be an absolutely continuous function on R such that F’ is
absolutely continuous on R \ {0}. Suppose that

(1) (i) and (ii) in Theorem 1 hold;
(2) F'(e)—F'(-e) > Base |0,

then, we have

! 1 1 !
F(B™) = F(0) + f F'(B")aB" + Eﬁzﬂ(o, 0+ 3pV. f F"(BMyds™.  (0.1)
0 0

@ Remark: , ,
p.v. f F’(BM)ds*™ = lim f F"(BO)1 g,y ds™
0 elo Jo

in L2.
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§ 3. Main results: An It6 formula

@ By using the obtained results we give an It6 formula including
the principal value.

Theorem (3)

Let0 < H < 1 and let F be an absolutely continuous function on R such that F’ is
absolutely continuous on R \ {0}. Suppose that

(1) (i) and (ii) in Theorem 1 hold;
(2) F'(e)—F'(-e) > Base |0,

then, we have

[ 1 1 [
F(B™) = F(0) + f F'(B")aB" + Eﬁzﬂ(o, )+ 7p-V. f F"(BMyds™.  (0.1)
0 0

@ Remark: , ,
p.v. f F’(BM)ds*™ = lim f F"(BO)1 g,y ds™
0 elo Jo
in L.

@ H =1:AS. Cherny (2001).
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§ 3. Main results: An It6 formula

Example (6)
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§ 3. Main results: An It6 formula

Example (6)
(1) F(x) =xlogh| —x = F”(x) =1 and g = 0.
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§ 3. Main results: An It6 formula

Example (6)
(1) F(x) =xlogh| —x = F”(x) =1 and g = 0.

(2) F”(x) = cotanh(x) = £¥ = = 0.
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§ 3. Main results: An It6 formula

Example (6)

(1) F(x) =xlogh| —x = F”(x) =1 and g = 0.

(2) F”(x) = cotanh(x) = £¥ = = 0.

(3) F"(x) = lxl%ysgn(x) with 0 <y <min{L2, 1} = g =0.

2H
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§ 3. Main results: An It6 formula

Example (6)

(1) F(x) =xlogh| —x = F”(x) =1 and g = 0.
(2) F”(x) = cotanh(x) = iiii = p=0.
(3) F"(x) = ks sen(x) with 0 < y < min{ !5, 1) = g = 0.
(4)
. Lifx>o0,
Fl=3% """ 7
L +sinx, if x <0,
= pB=1.
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§ 3. Main results: An It6 formula

Theorem (4)

Let0 < H < 1 and let F be an absolutely continuous function on R such that F’ is
absolutely continuous on R \ {0}. Suppose that

then, we have

‘ 1 g
F(B") = F(0) + f F/(B!)dB! + 7p.v f F/(B)ds™. (©02)
0 0
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§ 3. Main results: An It6 formula

Theorem (4)

Let0 < H < 1 and let F be an absolutely continuous function on R such that F’ is
absolutely continuous on R \ {0}. Suppose that

(1) F/(e)—F(-e) — w0 ase | 0;

then, we have

‘ 1 g
F(B") = F(0) + f F/(B!)dB! + 7p.v f F/(B)ds™. (©02)
0 0
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§ 3. Main results: An It6 formula

Theorem (4)

Let0 < H < 1 and let F be an absolutely continuous function on R such that F’ is
absolutely continuous on R \ {0}. Suppose that

(1) F/(e)—F(-e) — w0 ase | 0;
(2) the condition (i) in Theorem 1 with f = F” is false;

then, we have

‘ 1 g
F(B") = F(0) + f F/(B!)dB! + 7p.v f F/(B)ds™. (©02)
0 0
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§ 3. Main results: An It6 formula

Theorem (4)

Let0 < H < 1 and let F be an absolutely continuous function on R such that F’ is
absolutely continuous on R \ {0}. Suppose that

(1) F/(e)—F(-e) — w0 ase | 0;
(2) the condition (i) in Theorem 1 with f = F” is false;
(3) the condition (ii) in Theorem 1 withf = F" is true,

then, we have

: /
F(B") = F(0) + f FBABY + Sp f F/(B)ds™. (©02)
0 0
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§ 3. Main results: An It6 formula

Theorem (4)

Let0 < H < 1 and let F be an absolutely continuous function on R such that F’ is
absolutely continuous on R \ {0}. Suppose that

(1) F/(e)—F(-e) — w0 ase | 0;
(2) the condition (i) in Theorem 1 with f = F” is false;

(3) the condition (ii) in Theorem 1 withf = F" is true,

then, we have

: /
F(B") = F(0) + f FBABY + Sp f F/(B)ds™. (©02)
0 0

@ Remark:

! [
p.v f F'(BM)ds*™ = 111101 ( f F"(B™)1 (‘ngs,dsw +F'(e) - F'(-¢)]|.
0 & 0 :
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§ 4. A related question

@ Now, we consider a related question.
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§ 4. A related question

@ Now, we consider a related question.
@ Consider the Hardy operator H on L*([0, 1], ds) defined by

Hf(u )_f f® .

with u € (0, 1].
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§ 4. A related question

@ Now, we consider a related question.
@ Consider the Hardy operator H on L*([0, 1], ds) defined by

Hf (u) = @d

u

with u € (0, 1].
@ Then, Hardy’s inequality

IEf 250,17 < 21 220,17

holds for all f € L*([0, 1], ds).
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§ 4. A related question

@ Now, we consider a related question.
@ Consider the Hardy operator H on L*([0, 1], ds) defined by

Hf (u) = @d

u

with u € (0, 1].
@ Then, Hardy’s inequality
IEf 250,17 < 21 220,17

holds for all f € L*([0, 1], ds).

@ L: the reproducing kernel Hilbert space of Brownian motion
— the following Hardy type inequality.
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§ 4. A related question

Lemma (An extension of Hardy’s inequality)

Let 1 < H < 1. Then we have
Hf ) < Crllflliz
for all f € |H|. Moreover, when 0 < H < % we have

8Nl < Callflle

forallf € H.
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§ 4. A related question

Lemma (An extension of Hardy’s inequality)

Let 1 < H < 1. Then we have
Hf ) < Crllflliz
for all f € |H|. Moreover, when 0 < H < % we have

8Nl < Callflle

forallf € H.

@ By using the inequality, we introduce the next convergence.
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§ 4. A related question

Proposition (1)

When 1 < H < 1, the convergence

hm f f(s)BH f Hf (s)dB™

exists in L* and almost surely for all f € |H|. Moreover, when
0<HE< é the above convergence also holds for all f € H.
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§ 4. A related question

Proposition (2)

When 1 < H < 1, the convergence

. 1 dy ! !
e f o) fo 1[1s21<,9B5' = fo ey EY (1B1) B!

exists in L> and almost surely for all f € |H|. Moreover, when
0<H< % the above convergence also holds for all f € H.

[SEEE:E) Principal values of some integral functionals of FBM



§ 4. A related question

Corollary

For 3 < H < 1, the convergence
t BH 2
lim (—S) ds
el0 Jg S

exists in L? and almost surely, forO < H < % the above limit does
not exist in probability.
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